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Mathematical reasoning •◦◦

• Hilbert’s program: “truth ≡ proof”

mathematical understanding = having “satisfactory” solutions
that usually provide (explicitly or implicitly) mechanical proce-
dures, which when applied to an object, determine (in finite
time) whether it has the property

• Gödel, Church, Post, Turing: formal definitions of
computation (identical in power)

• TM: limits to mathematical knowledge
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Human thinking •◦◦

hunt/gather food
run away
social activities
communication

 problem solving


relations
decomposing
grouping
language
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COMPOSITION IDENTITY ABSTRACTION︸ ︷︷ ︸
CATEGORY THEORY

Turing: “Mathematical reasoning may be regarded rather
schematically as the exercise of a combination of two facili-
ties, which we may call intuition and ingenuity.”
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Hardy: “I am interested in mathematics only as a creative art.”
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regular expressions – regular languages – finite automata •◦◦

(ab)∗a ≡ a(ba)∗ {a, aba, ababa, . . .}
a

b

(
0 + 1(01∗0)∗1

)∗ multiples of 3

0

1

1

0

0

1

(a + b)∗ ≡ a∗(ba∗)∗ all strings over a, b

a + b
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Kleene algebra axioms •◦◦

p + (q + r) ≡ (p + q) + r
p + q ≡ q + p
p + 0 ≡ p
p + p ≡ p

p · (q · r) ≡ (p · q) · r
1 · p ≡ p
p · 1 ≡ p

p · (q + r) ≡ p · q + p · r
(p + q) · r ≡ p · r + q · r

0 · p ≡ 0
p · 0 ≡ 0

1 + p · p∗ ≡ p∗

q + p · r ≤ r ⇒ p∗ · q ≤ r
1 + p∗ · p ≡ p∗

p + q · r ≤ q ⇒ p · r∗ ≤ q

(ab)∗a≡ a(ba)∗ {a, aba, ababa, . . .}

(
0 + 1(01∗0)∗1

)∗ multiples of 3
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Kleene algebra semantics •◦◦

Kleene
Algebra

[[ p ]] = [[ q ]]
denotational

axiomatic
⊢ p ≡ q

←−
−−
−−
−−
−−
−−
−−
−−
−−
−−
−→

so
un

dn
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&
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←−−−−−−−−−−−−−−−−−−−→

Kleene’s
theorem

proof-carrying code
←−−−−−−−−−−−−−−−→

automata theoretic
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BellKAT semantics •◦◦

BellKAT
semantics
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Quantum networks ••◦

Quantum networks are networks connecting quantum capable devices

– Communication qubits designated to establish connections between devices

– Distributed entanglement: communication qubits sharing a correlated random secret

.
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Quantum networks ••◦

Quantum networks are networks connecting quantum capable devices

 

– Communication qubits designated to establish connections between devices

– Distributed entanglement: communication qubits sharing a correlated random secret

Benefits: scaling of quantum computation and secure communication
1 – teleportation

– entanglement based QKD

1[IBM Quantum: Development Roadmap 2023]
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Quantum networks are coming into reality •◦◦
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Bell pair: a pair of entangled qubits ••◦

• Fundamental resource in quantum networks

• Bell pair is a pair of entangled qubits:
R∼B distributed between nodes R and B

• No headers: control information needs to be
sent via separate classical channels

"spooky action

at a distance"

Artwork by Sandbox Studio, Chicago with Ana Kova
Image by Andrij Borys Associates, using Shutterstock 10/21
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Classical network

Switch

Source/Destination
end node

Classical channel

Quantum network 1,2

*

*

Repeater with classical
and quantum capabilities

Quantum capable
end node

Quantum channel

Classical channel

* Quantum source

1[Kozlowski and Wehner: NANOCOM 2019], 2[Quantum Internet Research Group: RFC 9340 2023] 11/21



Classical network Quantum network
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End-to-end Bell pair generation protocol ••◦

A B
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End-to-end Bell pair generation protocol ••◦

A B

C
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E

C∼C

E∼E
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A∼D
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E∼D

A∼E B∼E

cr
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Verification and optimization •••

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

SOLUTION
Provide formalism as foundation to answer these types of questions

14/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

15/21



Verification and optimization •••

PROBLEM
How to make sure that quantum networks behave as intended?

• Does a protocol establish Bell pairs between the specified end nodes?

• Are two protocols equivalent?

• Can a protocol execute with a given number of resources?

• Can protocols run in parallel without interfering with each other?

SOLUTION
Provide formalism as foundation to answer these types of questions

15/21



BellKAT language •••

Specification language for end-to-end Bell pairs generation – BellKAT

• Syntax and semantics

– provide abstractions for quantum network primitives: create cr, transmit tr, swap sw, . . .

– model multiround behavior, catering for highly synchronized nature of quantum networks

– capture resource sharing (protocols competing for available Bell pairs)

• Algebraic structure based on Kleene algebra with tests (KAT)

– with (novel) axioms capturing round synchronization

• Formal results

– proofs of soundness and completeness of equational theory

– decidability of semantic equivalences
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swap sw⟨A∼B@C⟩ ≜ {{A∼C,B∼C}} ▷ {{A∼B}}
transmit tr⟨A→B∼C⟩ ≜ {{A∼A}} ▷ {{B∼C}}
create cr⟨A⟩ ≜ ∅ ▷ {{A∼A}}
wait wait⟨r⟩ ≜ r ▷ r

drop drop⟨r⟩ ≜ r ▷ ∅
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A∼E

A∼DC∼C

E∼DE∼E

sw

tr

tr

cr

cr

B∼E

B∼DC∼C

E∼DE∼E

sw

tr

tr
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cr

(cr⟨C⟩ ∥ cr⟨C⟩ ∥ cr⟨E⟩ ∥ cr⟨E⟩);
(tr⟨C→A∼D⟩ ∥ tr⟨C→B∼D⟩ ∥ tr⟨E→E∼D⟩ ∥ tr⟨E→E∼D⟩);
(sw⟨A∼E @D⟩ ∥ sw⟨B∼E @D⟩)
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